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Investigation of apparent correlated motion of Brownian particles

Richard V. Durand and Carl Franck
Laboratory of Atomic and Solid State Physics and Materials Science Center, Cornell University, Ithaca, New York 14853-25

~Received 15 November 1996; revised manuscript received 14 April 1997!

We, as well as other workers, have noticed using light microscopy that particles undergoing Brownian
motion can appear to linger around each other for long periods of time. The question arises as to whether this
lingering is a product of interparticle interactions, or is an artifact due to random thermal motion and projection
onto a two-dimensional image plane. To answer this question, we produced digitized animations of colloidal
particles using light microscopy images of a system composed of micrometer-sized latex spheres suspended in
water. Six observers, unfamiliar with the experiment, watched these animations for lingering among the
particles. Control animations were also generated from these data sets in which correlations due to particle-
particle interactions had been destroyed, but the probability of the aforementioned artifactual correlations
remained unchanged. We found that the differences in what people observed in the real and control data were
not statistically significant. Thus, we conclude that any lingering observed on the time scale of 10 s and the
length scale of 5mm is the result of the random motion of the particles and projection effects. By way of
explaining this result theoretically, we find that on this length and time scale, hydrodynamic interactions
dominate over electrostatic and van der Waals forces. Accordingly, we present numerical and analytical
calculations of the enhanced lingering associated with the decrease in hydrodynamic mobility of closely
separated particles. These calculations give results which are consistent with the conclusion that the enhanced
lingering effect is too small to be seen by an individual observer.@S1063-651X~97!13908-3#

PACS number~s!: 82.70.Dd, 07.05.Rm, 05.40.1j, 47.90.1a
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I. INTRODUCTION

While viewing dilute colloidal suspensions through a m
croscope, we, along with other workers@1–3#, have noticed
that particles occasionally appear to linger around each o
for unusual lengths of time while undergoing Brownian m
tion. Cheunget al., during the study of a colloidal system
confined to a soap film, actually observed pairs of partic
swirling around each other, a motion they likened to ‘‘squa
dancing’’ @3#. The traditional physics approach would be
take these observations as an interesting sign of correl
motion, and attempt to develop an entirely objective meas
of the lingering effect. This measure could then, for examp
be coded into a computer, which could then analyze m
hours of digitized microscopy data in the search for e
amples of this lingering phenomenon. Cheunget al. actually
employed this approach, choosing the two-particle rela
diffusion tensor as their lingering measure@3#.

While the traditional approach yields information abo
the actual interactions present in the system, it has no bea
on the initial inspirational observations, as it does not ans
the question: are people actually observing correlations
to particle-particle interactions, or are the apparent corr
tions only due to perception based artifacts@4#? Random
thermal encounters could be responsible for keeping two
ticles near each other for long periods of time. In additio
particles that appear close in an image may in fact be wid
separated, because, in light microscopy, one typic
projects a three-dimensional region onto a two-dimensio
image plane. These projection effects could be respons
for some of the lingering of particles.

In this work, we attempted to answer this question
rectly by presenting naive observers with animated mov
of micrometer-sized polystyrene spheres undergoing Bro
561063-651X/97/56~2!/1998~14!/$10.00
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ian motion in water; half of these animations were repres
tations of real data, while the remainder of the animatio
were composed of reference data in which nonartifactual c
relations between particles had been removed by a scr
bling procedure. Schirato and Franck found that in a p
simulation of a colloidal system, such reference data enab
efficient detection of correlated motion@5#. Our observers
were not told about the different types of data sets, but w
only asked to find ‘‘lingering’’ events between particles. W
examined their responses without knowledge of the natur
the data sets, thereby providing a double blind study. A
taking into account differences in particle density betwe
the movies, it was found that no more lingering events w
noticed in the real data than in the scrambled, or referen
data. Numerical and analytical estimates of a lingering eff
due to quasistatic hydrodynamic interactions are consis
with this conclusion.

In Sec. II, we discuss the Brownian colloidal system a
the steps involved in transforming the visual image in t
microscope into the animated movies the observers actu
saw. This includes digital image processing, particle tra
ing, and the generation of randomized data sets. The
server methodology is also discussed.

In Sec. III, the results of the experiment are presented.
define a statistic that scales away individual observer bia
to give a measure of the particle interaction strength. T
allows us to make quantitative estimates of the expected
sults.

In Sec. IV, we show that on the length and time sca
relevant to our system, particle-particle hydrodynamic int
actions dominate over other forces, and we estimate the
teraction strength using computer simulations and analyt
approximations. The Langevin equation is solved nume
cally with and without pairwise hydrodynamic interaction
1998 © 1997 The American Physical Society
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56 1999INVESTIGATION OF APPARENT CORRELATED MOTION . . .
present. A perturbation technique is developed for finding
approximate analytical solution to the diffusion equation
cluding hydrodynamic interactions. We compare the num
cal and analytical results with the results of Sec. III. Previo
studies that used dynamical information to investigate col
dal interactions did not include this hydrodynamic contrib
tion @6–8# ~which, we feel, in principle, should be included!.
Cheunget al. believed hydrodynamic interactions to be r
sponsible for the anomalous particle lingering in their tw
dimensional system, but proposed no quantitative theorie
explain it @3#.

II. EXPERIMENTAL DESIGN

A. Sample

The charge stabilized latex particles used in this w
were provided by Central Scientific~stock number 72704.11!
@9#. They had a diameter of 1.054mm, and were shipped in a
1.5% volume fraction solution. We used a colloidal susp
sion consisting of one drop of this solution diluted in 5-m
deionized water@1#. This yielded an estimated volume fra
tion of f50.0005. The Einstein-Stokes relationD0
5kT/6pha @10# gives the free-particle diffusion coefficien
D050.41mm2/s, whereT is the temperature,h is the fluid
viscosity, anda is the particle radius.

The sample cell was constructed by adhering two stand
cover slips flat on a microscope slide using vacuum gre
such that their inner edges were approximately parallel. S
eral drops of the diluted colloidal system were put in th
rectangular well, and a third cover slip was placed on top
close the system. The openings in the sides were plug
with vacuum grease. The height of the sample cell is then
width of a cover slip, approximately 220mm, and the width
and length of the cell are approximately that of the top co
slip, or 131 cm2.

B. Digital imaging

The sample was viewed under an Olympus IMT-2 ph
contrast microscope, and the particles were imaged usi
video camera and recorded with a video cassette reco
~VCR!. An Analogic frame capture card installed in a pe
sonal computer was then used to digitally capture fram
from the videotape at the rate of 7.4 frames/s. This was
fastest rate achievable due to limitations of the VCR a
controlling software@11#. Because the frame capture is fie
based, each frame is composed of an odd line field and
even line field interlaced together, taken1

60 s apart, yielding
a total frame rate of 30 frames/s. In160 of a second, the
particles will move about 0.16mm in the x-y plane, or a
sixth of the particle diameter, so the interlacing is not e
pected to cause significant distortion of the image.

A total of 208 s of video was digitized, which correspon
to 1538 frames. The raw images are in eight-bit gray-sc
tagged image file format~TIFF! format, and have dimensio
4003400 pixels, which corresponds to 118.03114.8mm2 in
real space@12#. An example of a captured frame is shown
Fig. 1. The bright spots correspond to the particles. The
ages were manipulated using a software package calledVI-

SIONX @13#, which was developed at Cornell University b
A. Reeveset al.; VISIONX consists of a large collection o
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image processing tools and C library functions.
The simplest method for extracting the particles from t

images involves thresholding the images such that the
ticle features are retained, but any artifactual features in
background are suppressed. However, the presence of
spatial frequency light in the background with intensity clo
to that of the particles themselves makes it difficult to choo
the optimal thresholding level. We chose the threshold le
using a method that treats edges in the image as the m
important features. This technique is as follows. First,
applied a Sobel edge detector to the images@14#. The mag-
nitude of the edge detector function is a measure of
strength, or quality, of the edge. This gives an edge map
each image. Next, the original images were thresholded
gray levels ranging from 0 to 255, resulting in a series
binary images. In these binary images, we defined an edg
be any pixel having a different valued nearest neighbor pix
This procedure results in an independent set of edge m
The threshold figure of merit~TFOM! is defined as the mag
nitude of the Sobel edge operator averaged over the pi
where these two edge maps coincide@15#. A high TFOM
indicates that the edges found by the Sobel algorithm and
the thresholding operation are similar. Thus, there are
TFOM’s for each image, one for each possible threshold
level. For all the images, a plot of the TFOM versus thre
olding level exhibited a wide plateau at a gray level of abo
160, so each image was thresholded at this gray leve
produce a binary image. A frame of video after this proce
ing is shown in Fig. 2. These binary images were then s
mented into regions of ‘‘on’’ and ‘‘off’’ pixels, and the co-
ordinates of the center of mass of each of the connec
regions of ‘‘on’’ pixels were recorded. These were inte
preted as the coordinates of the particles in the images.

This procedure sets the depth of fieldh to 10.762.7 mm,
which was determined by moving the focal plane of the m
croscope through particles that had adhered to the top c

FIG. 1. A frame of digitized video before image processing. T
image has dimension 118.03114.8mm2. The particles are repre
sented by localized regions of high intensity.
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2000 56RICHARD V. DURAND AND CARL FRANCK
slip. Images taken at different depths were digitized, a
processed as described above. Since after image proce
the particles are either ‘‘on’’ or ‘‘off,’’ the depth of field was
easily determined. Section II C will describe how these
ordinates were linked together to form tracks.

C. Particle tracking

Particles undergoing random motion are particularly d
ficult to track. This is due to the lack of velocity or acceler
tion correlation from one frame to the next. The only info
mation available to track one particle from frame to frame
the location and size of the particle. Recently, there has b
great interest in using digital microscopy data to tra
Brownian particles in order to learn about various types
particle interactions@1,3,6–8,16#. However, most of the rel-
evant papers give no details of the particular tracking al
rithm used, with a notable exception being a recent pape
Crocker and Grier@8#. Thus we give a detailed description o
our tracking algorithm here.

The tracking software attempts to link particles that a
spaced closely in space and time and are similar in size
accepts two user-defined parameters:r , which specifies the
search region in spatial coordinates, andt, which specifies
how far out in time we should search. A flow diagram
shown in Fig. 3. The spatial search radius can someti
extend past the original valuer for the following reason. If a
particle drops out of the field of focus for a few frames, the
when it eventually comes back into view, it will likely b
further away from its initial position than if it had still bee
in the field of focus in the subsequent frame. The growth
the spatial search radius as the square root of the numb
skipped frames reflects the diffusive behavior of the p
ticles.

The result from the above algorithm is a set of coordina
for each particle as a function of time. During our visu
inspection of the inspirational colloidal video data, we fou

FIG. 2. The digitized frame of video in Fig. 1 after image pr
cessing.
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that we tended to focus our attention on the interactions
tween individual particles, and ignored any aggregates.
assumed that other workers noticing this lingering eff
have also limited their attention to single particles. W
wanted the system to appear to our observers as it appe
to us originally, and, thus, since many of the tracked obje
are actually aggregates of particles, steps must be take
eliminate these aggregates’ tracks. One possibility is to al
only those tracks for which the particle’s size stays with
certain size bounds during its entire lifetime. However, s
fluctuations along a particle’s track would not be hand
well by such a thresholding operation. If the size boun
were made too large, some aggregate tracks could be
lowed, and, if the bounds were too small, then a particula
large size fluctuation could eliminate a valid single partic
track. The solution to this problem is to ‘‘soften’’ the thres
old by the introduction of hysteresis as follows. The fir
stage of the filtering process allows only those tracks wh
are likely to be associated with single particles. Along su
tracks, a particle will have, at least at one point along
lifetime, a size close to the ‘‘optimal’’ size of a particle
Once these tracks are identified, a further size cut is ma
where we reduce the effect of fluctuations by using mu
more relaxed size bounds than in the first cut. A track w
pass this second cut if the particle satisfies these relaxed
bounds at all points in its lifetime. The numerical factor b
which the optimal upper and lower size bounds are increa
and decreased respectively in order to compute these rel
bounds is called the ‘‘hysteresis coefficient.’’ For example
hysteresis coefficient of 2.0 would mean that the particl
size would have to satisfy the optimal size bounds for at le
one frame, and be greater than one-half the optimal lo
size bound and less than twice the optimal upper size bo
at all times. The tracking software allowed the specificat
of the optimal upper and lower diameter bounds, as wel
the hysteresis coefficient@17#.

FIG. 3. Flow diagram of the tracking algorithm. The ‘‘linking’
of particles indicated in the diagram refers to the process of link
particles in different frames together to form trajectories.
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56 2001INVESTIGATION OF APPARENT CORRELATED MOTION . . .
The appropriate optimal upper and lower bounds on
particles’ size were determined by visual inspection of
images and from the distribution of particle sizes. A parti
in the focal plane of the microscope has a diameter of ab
four pixels. This diameter can increase or decrease some
due to various optical artifacts that occur when the particl
slightly above or below the focal plane. Thus the low- a
high-diameter cutoffs were set to one pixel and six pixe
respectively. The hysteresis coefficient was set equal to
because, if two particles happened to pass over one ano
it would appear in the two-dimensional image as a collis
of two particles, and the software would treat it as one la
particle of twice the size of a single particle. Using this val
of the hysteresis coefficient ensures that the size bounds
not be violated if this occurs.

In order to transform the coordinates of the particles i
animated movies of Brownian motion, we developed a t
called the animated movie player~AMP!. This software was
written in a combination of Tcl/Tk and C on a RS/600
running AIX 3.2. A screenshot is shown in Fig. 4. The AM
has standard features: play, rewind, frame step advance
frame step reverse. The particles are represented as
circles with a diameter consistent with the scale in the or
nal image. There is also added functionality to enable
user to flag particles in the movie and make comments ab
them. The observers in the experiment used this softwar
watch the digitized sequences of images. We adjusted
frame rate in these animations to coincide with the frame

FIG. 4. A screenshot of the animated movie player. The fra
shown is the same as in Figs. 1 and 2, but magnified by a fact
as described later in the text. Note that only the particles that p
through the discussed size filter appear. The 333 grid only appears
when the observers make comments, and disappears while
movie is playing.
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of the video data on which they were based.

D. Generation of reference data sets

Three groups of 350 frames were extracted from the or
nal data set, as it was found in preliminary trials with me
bers of our research group that this was about the limit o
person’s patience. Control, or reference, data sets were
ated by treating each particle’s track as if it were a rig
two-dimensional wire, and then randomly translating and
tating it to a new position. This procedure destroys any c
related motion due to particle-particle interactions, but lea
intact apparent correlated motion due to random thermal
counters and projection effects. This was done for each
the three original data sets, and yielded three reference
sets. In order to eliminate any boundary effects of the r
domization method, and reduce the total number of partic
on screen to the more manageable level of about ten part
per frame, the center 2003200 pixel section of each of the
six total data sets was extracted. The length scales in th
data sets were subsequently increased by a factor of
bring the size back up to 4003400 pixels, as this was a
pleasant size for viewing.

In preliminary work, it was found that choosing certa
values for the adjustable parametersr and t in the tracking
algorithm resulted in particles being frequently misidentifie
When an identification error exists, the algorithm used
create the reference sets will treat what should be one p
cle’s track as two or more different tracks, and will split u
the continuous track into multiple tracks scattered over
viewing area. Thus, upon viewing with the AMP, the refe
ence data appear more discontinuous than the original d
Therefore, the parametersr and t used in the tracking algo
rithm were chosen empirically so as to minimize appro
mately the visual differences between the real and rand
ized data. The valuesr 56 and t56 were found to give
satisfactory results.

E. Observer methodology

Six observers were used in the experiment, all of wh
were graduate students in physics at Cornell Univers
Great care was taken to ensure that they had no prior kno
edge of any details of the experiment. Each was brough
individually, and was presented with three real and th
reference movies in a random order, but the observers ha
way of knowing if they were looking at real or referenc
data. They were allotted 5 min to view each movie and ma
comments. The work was completed in a single day to eli
nate the possibility of communication about the experim
among the observers. The only guidelines as to what t
should be looking for was contained in the following par
graph.

Objective: To watch the ‘‘movie’’ of the particles unde
going Brownian motion, and take note of any particles th
seem to be ‘‘lingering’’ around each other for an unusua
long time, or any other interesting behavior.

After each observer finished, he or she was asked if th
were any problems with the software during the run. None
the observers reported any difficulties.
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TABLE I. Number of lingering events scored by RD and CF for each observer and data set. Th
number in each entry is RD’s scoring, the second is CF’s scoring. Discrepancies are discussed in the
the bottom.

Observer

Frames 1–350 Frames 351–700 Frames 701–1050

Original Reference Original Reference Original Reference

1 1/1 3/3 0/0 0/0 1/1 3/3
2 2/2 3/3 1/1 1/1 1/1 4/4
3 3/1a 2/2 1/0a 2/2 2/1b 1/1
4 2/2 5/5 1/2c 4/3d 3/3 2/2

5e

6e

aThe phrase ‘‘fused together’’ was used in some of the comments. RD counted these as events, CF
bOnly one particle was marked in one of the comments, but the wording of the comments suggested
observer simply forgot to mark one of the particles. RD counted this as an event, CF did not.
cOne of the comments was that the distance between a pair of particles ‘‘grows steadily in time.’’ CF co
this as an event, RD did not.
dThe comment, ‘‘This pair just blinked on,’’ was counted as an event by RD, but not by CF.
eObserver 5 explained that she was looking for events in which the particles ‘‘flowed’’ parallel to
another, instead of just lingered together. Observer 6 stated that the objective was not well pos
therefore discounted the responses of these observers.
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III. RESULTS

The observers’ comments were stored in such a way
we could view them without knowing whether the comme
were associated with a real or reference set, and resulted
double blind environment. Initially, we simply read throug
each of the observers’ comments. We looked for, and fou
words such as ‘‘lingering’’ or ‘‘attracting.’’ We also checke
whether two or more particles were marked for each co
ment. In many cases, the observers noted a ‘‘blinking’’
particles, but this was just an artifact due to track brea
After this initial reading, we used special viewing softwa
to complete our evaluations. This ‘‘viewer’’ was also writte
in Tcl/Tk and C, and was very similar in appearance a
functionality to the AMP. The viewer allowed us to pla
through the movies to see which particles the observers
marked and what comments they had made at diffe
points during the movies. Due to the subjectivity involved
the evaluation of the comments, the authors~RD and CF!
evaluated the comments independently in order to provid
consistency check and to aid in the estimation of uncert
ties. Table I shows the number of events detected for e
movie. In almost all cases, RD’s and CF’s evaluatio
agreed, but discrepancies arose when ambiguous wor
was used in the comments, and specific examples are n
at the bottom of Table I. Two of the six original observe
did not respond in such a way that they could be included
the study, as noted in footnote e of Table I, so, in subsequ
discussions, the word ‘‘observers’’ will refer only to the fou
remaining observers.

We assert that the number of events found by the obs
ers depends on three factors: the strength of the interac
between the particles, the total number of particles in
field of view, and the inherent tendency for an observer
find events. In order to quantify this last factor, we assu
that pairs of particles represent a stimulus which can trig
an observer to mark a lingering event. The ‘‘strength’’ of t
stimulus is how strongly the particles are lingering, a conc
at
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we will discuss in more detail below. We assume that th
is some threshold stimulus at which the response will
crease rapidly.

The probability that a given pair will be marked is th
observer’s response function at a given stimulus level, tim
the probability of that stimulus level, summed over all po
sible stimulus levels. We will approximate the respon
function as a step function with low valuel1 and high value
l2 . The probability of a marked pair is now justl2 times the
probability that the stimulus is greater than the crosso
value, plusl1 times the probability that the stimulus is les
than the crossover value.

Let us put this into a more mathematical framework us
probability theory. We will use the term ‘‘candidate pair’’ t
describe a pair of particles that are lingering above
threshold strength level. We will denote the existence o
candidate pair by the letterC, and the presence and absen
of pairwise particle interactions byI and N, respectively.
The conditional probability that a given pair is a candida
pair is thenP(CuI ) andP(CuN) for systems with and with-
out interactions, respectively. We will denote the marking
a pair by an observer byE. The probability that a pair is
marked by an observer, conditioned on whether or not in
actions are present, is given by

P~EuI !5P~EuCùI !P~CuI !1P~EuCcùI !P~CcuI !, ~1!

P~EuN!5P~EuCùN!P~CuN!1P~EuCcùN!P~CcuN!,
~2!

where a superscriptc denotes the complement of the even
Now we make the following assumptions:

P~EuCùI !5P~EuCùN![l2 , ~3!

P~EuCcùI !5P~EuCcùN![l1 . ~4!
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In other words, as long as the particles are lingering n
each other above the threshold level, it does not matte
they are interacting or not; they will still be marked. Defin
pi[P(CuI ) and pn[P(CuN) as the probability of the for-
mation of a candidate pair conditioned on whether inter
tions are present or absent, respectively. Then Eqs.~1! and
~2! become

P~EuI !5l2pi1l1~12pi !, ~5!

P~EuN!5l2pn1l1~12pn!. ~6!

We can introduce an excess event statisticDE, which ex-
presses the fractional difference in the event probabilities
the interacting and noninteracting cases, as follows:

DE5
P~EuI !2P~EuN!

1
2 @P~EuI !1P~EuN!#

, ~7!

which, using Eqs.~5! and ~6!, becomes

DE5
pi2pn

1
2 ~pi1pn!1b

, ~8!

whereb[((l2 /l1)21)21 quantifies human discrimination
Assuming thatl2>l1 ~a person is not more likely to mar
noncandidate pairs than candidate pairs!, we haveb>0,
where a small value ofb indicates good discrimination be
tween ‘‘real’’ and ‘‘false’’ events. We assert that the desi
of the experiment was such that the discrimination was go
and thusb'0. We will later check this assertion against t
data. By construction,22<DE<2, where a value close to
indicates a strong tendency for particles to linger, wherea
value close to22 indicates a strong tendency for particles
avoid lingering.

Exactly what constitutes a lingering event is undoubte
different for each observer. However, after careful exami
tion of the movies and comments using the viewer softwa
we found a fairly good quantitative approximation for th
observers’ criteria for what constitutes a lingering event
introducing the space and time parametersR and T as fol-
lows: if two particles are initially less thanR51063 particle
radii (5.2761.58mm) apart, and are still less than a distan
R apart afterT5100650 frames (13.566.8 s), then it was a
candidate for a lingering event@18#. The uncertainties indi-
cate the variability in an individual observer’s criteri
Therefore, the probabilitiespi andpn of Eq. ~8! are each the
product of two different probabilities. The first is the pro
ability, given that two particles are within the field of vie
and at most a distanceR apart in the projectedx-y plane~but
not overlapping!, that they will still be at most a distanceR
apart in thex-y plane after a timeT. This probability is
denoted byp̃i ( p̃n) for the interacting~noninteracting! case.
The second is the probability that another particle will in
tially be at most a distanceR away from a given particle in
the x-y plane. The latter probability is given b

r(pR2h2 4
3 pa3) in the low-density limit for both cases

wherer is the number density of particles,h is the depth of
field, and a is the particle radius. We haver5N̄p /hA,
ar
if

-

r

d,

a

y
-

e,

y

whereA is the field of view area in thex-y plane, andN̄p is
the average number of particles per frame in the field
view, and thus

pi5 p̃i N̄ipR2/A, ~9!

pn5 p̃nN̄npR2/A, ~10!

where we neglected the correction for the volume of a p
ticle, andN̄i andN̄n are the average number of particles pe
frame in the field of view in the interacting and nonintera
ing cases, respectively. Note that we implicitly assumed
the definition of the lingering probability,p̃, that the pair
correlation functiong(r ) is given byg(r )50 for overlap-
ping particles, andg(r )51 otherwise. This is valid, as th
volume fraction is very low.

The actual number of events marked in the original a
reference data sets will be calledEorig andEref , respectively.
We assert that, for a given event probability, bothEorig and
Eref scale as a single power ofN̄p , since we expect observers
are looking only at nearest-neighbor pairs, and not at
possible pairs~which would give scaling asN̄p

2!. Thus we
expect that

Eorig5z f~Tdur!N̄pP~EuI !, ~11!

Eref5z f~Tdur!N̄pP~EuN!, ~12!

wherez is the number of nearest-neighbor pairs conside
by the observers for each particle, which we take to be
order 1. f (Tdur) is some increasing function of the total du
ration time of the animationTdur, and accounts for the pos
sibility of a candidate pair forming at any time during th
animation, i.e., the longer the movie, the more chances th
are for lingering events to occur.

Combining the relations forEorig , Eref , pi and pn with
Eqs.~5! and ~6!, we obtain

E5zl1f ~Tdur!N̄p1z~l22l1!
pR2

A
f ~Tdur! p̃N̄p

2 ~13!

[g1N̄p1g2N̄p
2 , ~14!

whereE is the number of events detected, andp̃ is eitherp̃i
or p̃n for interacting and noninteracting particles, respe
tively. Thus we have

b5
pR2

A

g1

g2
p̃5~1/N̄p!

g1

g2
p, ~15!

whereb is as given in Eq.~8!. To estimateb, we assumed
that p̃i' p̃n , then fit to Eq. ~14! the average number of
events observed and average number of particles per fr
corresponding to each of the six different data sets. Th
data, along with the best fit, are shown in Fig. 5@19#. From
graphical inspection of the error ellipse of the fit (Dx251),
we find thatg1 /g2 can range from26 to 9. Therefore, since
N̄p'10, Eq. ~15! gives b/p'20.6 to 0.9, wherep is
pi'pn . We therefore see that our assertion that the brai
a good discriminator for the problem at hand, i.e.,b'0, is at
least consistent with the data. Settingb50, and inserting
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Eqs. ~9! and ~10! into Eq. ~8!, we obtain the excess even
statistic in terms ofp̃i and p̃n :

DEcalculated52
N̄i p̃i2N̄np̃n

N̄i p̃i1N̄np̃n

, ~16!

where the common factor ofpR2/A has been canceled
Likewise, substituting Eqs.~11! and ~12! into Eq. ~7!, we
obtain the excess event statistic in terms of the obser
event counts:

DEobserved52
Eorig /N̄orig2Eref /N̄ref

Eorig /N̄orig1Eref /N̄ref

, ~17!

whereN̄orig andN̄ref are the average number of particles pe
frame in the original and reference data sets respectiv
Diffusion theory gives usp̃i and p̃n , so we can use Eq.~16!
to estimateDEobserved.

The excess event statisticDEobservedwas computed using
Eq. ~17! with the data shown in Table I for each of th
original-reference data set pairs~frame sets!, and the results
are shown in Table II. Equation~16! suggests thatDE de-
pends explicitly onN̄p , so we cannot combine the results fo
different frame sets, because each of the six animations h
different value ofN̄p . Thus, we computeDE for each data

FIG. 5. The average number of lingering events observed
function of average number of particles per frameN̄p . The open
and filled symbols represent real and reference data, respecti
The squares, circles, and triangles correspond to frames 1–
351–700, and 701–1050, respectively. The solid curve shows
zero intercept parabola of best fit.
d

ly.

s a

set by averaging over the four observers.DEobservedis then
the average of RD’s and CF’s calculatedDE’s. For each
frame set, we treat the variance ofDE over the volunteers as
the random error, and the difference between RD’s and C
scores as a systematic error@20#. Table III showsDEobserved,
along with the corresponding baseline value, given by
~16! with p̃i5 p̃n :

DEbaseline52
N̄i2N̄n

N̄i1N̄n

. ~18!

This is the expected value ofDE based solely on difference
in number density: the more particles there are in a mo
the more candidate pairs will be expected to form, ev
when no interactions are present. Any deviation fro
DEbaselineindicates some sort of interaction between the p
ticles. None of the values forDEobserved were statistically
different from the corresponding baseline value.

This result suggests that any observed interparticle ling
ing in a dilute colloidal system on the time scale of cas
observation through a microscope~one minute duration,
50350 mm2 field of view! is purely artifactual. Since, as w
will show, electrostatic and van der Waals forces are ne
gible, this lack of lingering might be surprising, because
appears that there should be enhanced lingering due to
increased friction when two suspended particles are in c
proximity. The relative importance of hydrodynamic intera
tions and how much extra lingering the hydrodynamic fr
tion is expected to produce is discussed below.

IV. DISCUSSION

A. Particle interactions

The videotaped particles were approximately 60mm
above the microscope slide, which means that wall-part
hydrodynamic interactions act to reduce the free particle
fusion coefficient by about 1% from the value given by t
Einstein-Stokes equation@16#. An advantage of using ran
domized data sets as controls is that any interaction tha
fects all particles equally, i.e., particle-wall interactions, w
be present in both the real and randomized data. Thus,
observed lingering signal will solely be a result of particl
particle interactions.

The three types of particle-particle interactions presen
the system are the attractive van der Waals forceFvdW(r )
@21#, the repulsive electrostatic forceFel(r ) ~also known as
the double layer force! @22#, and hydrodynamic interactions
The first two forces have the forms

a

ly.
0,

he
archer’s
ng
TABLE II. Excess event statistic calculated from the data in Table I. The columns marked RD and CF indicate which rese
scoring was used in the calculation. The range of the excess event statistic is22<DE<2, where a value close to 2 indicates a stro
tendency for particles to linger, whereas a value close to22 indicates a strong tendency for particles to avoid lingering.

Observer 1 Observer 2 Observer 3 Observer 4
Frame sequence RD CF RD CF RD CF RD CF

1–350 20.88 20.88 20.26 20.26 0.54 20.53 20.73 20.73
351–700 a a 0.37 0.37 20.32 22.0 20.93 20.03
701–1050 20.77 20.77 21.0 21.0 0.91 0.29 0.67 0.67

aNo events were marked in both the original and reference data sets.



ch of
the

56 2005INVESTIGATION OF APPARENT CORRELATED MOTION . . .
TABLE III. The average of the excess event statistic given in Table II over the four observers for ea
the frame sets isDEobserved. The first uncertainty in this result is the random error, and the second is
systematic error.DEbaselineis the expected result from Eq.~16! for p̃i5 p̃n . DEsimul andDEanal are the results
of the simulation and analytical calculation, respectively.

Frame sequence DEobserved DEbaseline DEsimul DEanal

1–350 (20.4760.25)60.14 20.15 (20.04260.011)60.07 (20.05360.004)60.06
351–700 (20.4260.58)60.13 20.37 (20.26760.011)60.06 (20.27760.004)60.05
701–1050 (20.1260.44)60.08 20.29 (20.18460.011)60.06 (20.19460.004)60.06
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FvdW~r !5
232W

3a~r /a!3@~r /a!224#2 , ~19!

Fel~r !5
Q2

4pe

exp@2~r 22a!/lD#

~11a/lD!2 S 1

lDr
1

1

r 2D , ~20!

where r is the center to center separation between
spheres,a is the particle radius,Q is the charge on the par
ticles, lD is the Debye length, andW is the Hamaker con-
stant, of the order of 10221– 10220 J for polystyrene sphere
in water@23#. Later in this paper, the hydrodynamic intera
tion will be quantified using a diffusivity tensor that varie
with particle separation. We will see that, at the length sca
of interest, the mean-square separation in thex-y plane be-
tween two spheres increases with timet due to diffusive
motion approximately as 8D0(12e)t, wheree is a positive
number very close toa/r . In the absence of hydrodynam
effects,e50, so hydrodynamic interactions tend to inhib
the movement of the particles away from each other. T
characteristic length scaleRchar and time scaleTchar in this
system are taken to be the parametersR andT given in Sec.
III. The effect of hydrodynamics on the motion of th
spheres can be characterized by the ‘‘hydrodynamic dri
defined to be how much less the separation increases in
Tchardue to the presence of hydrodynamic interactions. If
initial separation isRchar, then this drift is given by

ARchar
2 18D0Tchar2ARchar

2 18D0~12e!Tchar

'~a/Rchar!AD0Tchar ~21!

becauseRchar
2 &8D0Tchar, where we have neglected facto

of the order of 2, and used our approximation fore. Like-
wise, the drift distances in timeTchar due to the van der
Waals and electrostatic forces are given approximately
FvdW(Rchar)Tchar/(6pha) and Fel(Rchar)Tchar/(6pha), re-
spectively. Since the van der Waals force is attractive, w
the electrostatic force is repulsive, these distances will b
opposite sign, so we add their magnitudes to obtain our
timate for the importance of these forces. Since our linger
analysis is based on the time dependence of the part
particle separation, we define a dimensionless number, ca
the drift ratio Dr , to be the ratio of the extra drift due t
hydrodynamic effects to the extra drift due to other force

Dr 5
~a/Rchar!AD0Tchar

~ uFvdW~Rchar!u1uFel~Rchar!u!Tchar/~6pha!
. ~22!
e
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e
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This dimensionless number quantifies the relative strengt
the hydrodynamic interaction with respect to the conser
tive interactions.

In order to computeDr , we need estimates for the Deby
length and particle charge. We do not independently cha
terize our specimen, but rather rely on comparison with ot
experiments, specifically, those of Crocker and Grier@6–8#.
From Crocker and Grier’s measurements of the interac
potential between colloidal particles in water in a glass c
@6–8#, we obtain Debye lengths in the range of 100 to 2
nm @24#. Since Crocker and Grier used ion exchange resin
their sample cell to reduce the water’s ionicity, while we d
not, we use their measured Debye lengths as an upper b
on the Debye length of our system@25#. These values are
consistent with the Debye lengths measured by Kepler
Fraden@23#, but much shorter than those of Vondermass
et al., who obtained screening lengths as long as 416
@26#. In order to estimate the surface charge, we appea
charge renormalization theory, which asserts that the sur
charge on highly charged spheres saturates at the level w
the chemical potential at the surface and in the bulk are eq
@27#. This yields a ‘‘renormalized’’ chargeQ5Ce(a/lB),
where the Bjerrum lengthlB5e2/(4pekT)'0.72 nm in
water at room temperature,e is the electronic charge, andC
is a constant in the range of 4 to 10@6,8,27#. This gives an
estimated particle charge of 3000e– 7500e. While we are
confident enough in charge renormalization theory and
results of Crocker and Grier for the purposes of this work,
particular because of their careful discussion of data red
tion and analysis, it is clear that further progress calls
better sample characterization.

In order to show that hydrodynamic interactions dom
nate, we want to find an upper limit on the drift ratio@Eq.
~22!#, and thus consider values for the length and time sca
that tend to decrease the drift ratio. IncreasingTchar and de-
creasingRcharcauseDr to decrease, so, since our values ofR
andT from Sec. III have uncertainties associated with the
we choose values forRchar and Tchar statistically close toR
andT, but deviating in the directions that decreaseDr . Ac-
cordingly, we let Rchar range from 5a to 10a, and set
Tchar525 s. Figure 6 shows some curves of constantDr for
intermediate values of charge and Hamaker cons
Q55000e and W53310221 J. We see that for most rea
sonable choices for the length scale~within 1–2 standard
deviations of the optimal value 10a! and Debye length, the
drift ratio is very large. Thus we conclude that electrosta
and van der Waals interactions may be neglected in
analysis, and only hydrodynamic interactions need be c
sidered.
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In the next two sections, we find estimates for the ling
ing probabilitiesp̃i andp̃n by integrating the pair probability
distribution over the space determined by the lingering cr
ria discussed earlier. We assume that in each pair, the
ticles interact hydrodynamically only with each other. Both
computer simulation technique and an analytical perturba
solution are discussed. These results are then used in
~16! to find a theoretical estimate forDE, which we compare
with the baseline and observed values to answer the que
as to whether the enhanced lingering is consistent with
sults obtained using the aforementioned human stimu
response formalism.

B. Computer simulations

We start our analysis with the Langevin equation desc
ing the relative motion of two identical spheres in a visco
fluid @21#,

m
d2r

dt2
52fr~r !•

dr

dt
1F, ~23!

wherem is the mass of the spheres,r is the relative separa
tion vector between the centers of the spheres,fr(r ) is the
relative friction tensor, andF is the relative Brownian force
F is a random force with the propertieŝF&50 and
^F(t)F(t1t)&54kTfr(r )d(t), whered~t! is the Dirac delta
function. If we Taylor expandfr(r ) to first order about a
separation vectorr (t), substitute this into Eq.~23!, and solve
the resulting differential equation, we obtain@21#

r ~ t1Dt !5r ~ t !1“•Dr~r !Dt1Dr ~Dt !, ~24!

valid for Dt@ (m/2kT) uDr„r (t)…u whereDr52kTfr
21

„r (t)…
is the relative diffusion tensor andDr (Dt) is a random dis-
placement with^Dr (Dt)&50 and ^DrDr &52Dr„r (t)…Dt.

FIG. 6. Contour plot of drift ratioDr for particle charge
Q55000e, Hamaker constantW53310221 J, and characteristic
time scaleTchar525 s. For reasonable values of the distance sc
Rchar and Debye lengthlD as described in the text, the drift ratio
much larger than 1, showing that hydrodynamic forces are m
important than conservative forces in this system over the time
length scales of interest. VaryingW andQ within the limits given
in the text does not change this plot significantly.
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Since uDr u<2D0 for all r , where D0 is the free single-
particle diffusion coefficient, a more strict condition onDt is
Dt@ (m/kT) D05(2/9)(a2r/h), wherer is the density of
the particle. In order for the Taylor expansion to be accur
to first order, we require that the particle configuration n
change much over the time stepDt. Thus we must also have
Dt!a2/uDr u. Using the upper bound onuDr„r (t)…u, we find
that if a2r/h!Dt! a2/(2D0), then the necessary condition
on Dt are satisfied.

Batchelor@28# gave the relative diffusion tensorDr as

Dr52D0@G~ r̃! r̂ r̂1H~ r̃!~d2 r̂ r̂ !#, ~25!

whered is the identity tensor,r̃5r /a, r̃5u r̃u, r̂5r /ur u, and
G( r̃) andH( r̃) are given by

G~ r̃!512 3
2 r̃211 r̃232 15

4 r̃241O~ r̃26!, ~26!

H~ r̃!512 3
4 r̃212 1

2 r̃231O~ r̃26!. ~27!

These are the far-field form of the equations in the quasist
approximation, in which inertial terms are neglected and
unbounded medium is assumed@29#. At near contact (r̃52),
these equations no longer hold due to the breakdown of
unbounded medium assumption. However, forr̃52.5, ex-
pressions~26! and~27! agree with more exact results@28# to
within 2%, and forr̃>3 they agree to within 1%, so we will
assume they hold for allr̃>2.

Let us recast Eq.~24! in nondimensional form. Define a
characteristic timet5a2/(2D0). This is the time it takes for
the particle separation squared to increase by one par
radius squared. Now define a scaled timet̃5t/t. Taking the
divergence of the diffusivity tensor, we obtain

“•Dr515
D0

a S a

r D 5

r̂ . ~28!

Substituting Eqs.~28! and~25! into Eq. ~24!, along with the
scalings fort and r , we obtain

r̃~ t̃1D t̃!5 r̃~ t̃!1 15
2 r̃25D t̃r̂1D r̃~D t̃!, ~29!

where^D r̃&50. For the characteristic length and time scal
present in our system, the random Brownian term in t
equation dominates over the drift term, but, for comple
ness, both terms were included in the simulations. If we
a comoving coordinate system where thez axis always
points in the direction of the separation vectorr̃( t̃), then

^D z̃D z̃&52~12 3
2 z̃211 z̃232 15

4 z̃24!D t̃, ~30!

^D x̃D x̃&5^D ỹD ỹ&52~12 3
4 z̃212 1

2 z̃23!D t̃, ~31!

^D x̃D ỹ&5^D x̃D z̃&5^D ỹD z̃&50, ~32!

and the bounds on the scaled time step are 2D0r/h!D t̃!1.
If there are no hydrodynamic interactions, thenDr52D0d,
and

r̃~ t̃1D t̃!5 r̃~ t̃!1D r̃~D t̃!, ~33!

where^D r̃&50, and
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^D r̃D r̃&52dD t̃. ~34!

Equations~29!–~32!, and Eqs.~33! and ~34! can be used to
simulate the trajectory of a particle undergoing Browni
motion with and without hydrodynamic interactions, respe
tively.

The simulation proceeds as follows. First, an initial se
ration vector is chosen such that the particles do not over
are no more than a distanceR apart in thex-y plane, and no
more than half the depth of field apart in thez direction. We
do not use the full depth of field in this initial separatio
calculation because, on average, the particles will be nea
center of the depth of field. Next, depending on whet
interactions are present or not, the appropriate equations
used to simulate the particle’s trajectory, using a Gauss
distribution to choose the random deviationsD r̃. The change
in the separation vector for each step of the simulation
calculated using the comoving coordinate system, then tr
formed into a fixed coordinate system using a solid bo
rotation. If we were to use the fixed coordinate system
calculate the steps, then there would be cross correlat
between coordinates, i.e., Eq.~32! would not hold. We used
a time stepD t̃50.01, which satisfies the necessary boun
on D t̃, as 2D0r/h'1026. After a timeT, we check to see if
the particles are at most a distanceR apart in thex-y plane,
and at mosth/2 apart in thez direction, where we used th
experimental values forR, T, andh cited earlier. The frac-
tions of particles that satisfy these criteria arep̃i and p̃n for
interacting and noninteracting particles, respectively.

Fifty thousand trajectories were simulated for the intera
ing and noninteracting cases, which yieldedp̃i
5(0.26760.002)60.14 and p̃n5(0.24060.002)60.14.
The first uncertainty is the random error of the results, i
the error in the integration when using a given set of ling
ing criteria. The second uncertainty is the systematic er
i.e., the range over whichp̃can vary when the quantitiesR,
T, andh vary within their individual uncertainties. Using Eq
~16!, we obtain the excess event statistic expected from
simulations,DEsimul @30#, which is shown in Table III. Be-
low, we calculatep̃i and p̃n using analytical methods.

C. Analytical approximations

In this section, we use a perturbation technique to so
approximately the probability conservation equation wh
hydrodynamic interactions are present, and use the solu
to obtain another estimate forp̃i and p̃n . We start with the
Smoluchowski equation for the pair probability distributio
P(r ,t), with a tensor diffusivityDr @31#:

]

]t
P~r ,t !5LP~r ,t !, ~35!

with initial condition @32#

P~r ,0!5d~r2r0!, ~36!

wherer is the vector from one particle’s center to the oth
r0 is the initial separation vector,d(r ) is the Dirac delta
function,t is the time, andL is a scalar linear operator give
by
-
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L5“•Dr•“. ~37!

Note that if there are no interactions, thenDr52D0d and
L52D0¹2, which, when substituted into Eq.~35!, yields the
usual diffusion equation.D0 is the single-particle free diffu-
sion coefficient.

We can write L5L01L1 , where L052D0¹2, and
L15“•T•“, where

T5Dr22D0d ~38!

52D0@„G~ r̃!21…r̂ r̂1„H~ r̃!21…~d2 r̂ r̂ !# ~39!

is the hydrodynamic interaction tensor@33#, andG( r̃), H( r̃)
are given by Eqs.~26! and ~27!. This gives

L15
2D0

r 2

]

]r F „G~ r̃!21…r 2
]

]r G
12D0

H~ r̃!21

r 2 sin u

]

]u Fsin u
]

]uG12D0

H~ r̃!21

r 2 sin2 u

]2

]f2 .

~40!

A formal solution to Eq.~35! is

P~r ,t !5e~L01L1!td~r2r0!, ~41!

while the solution to the unperturbed~noninteracting! prob-
lem (L150) is

PB~r ,t !5eL0td~r2r0! ~42!

5
1

~8pD0t !3/2 exp@2ur2r0u2/~8D0t !#.

~43!

We can expand the exponential in Eq.~41! as follows@34#:

FIG. 7. The radial pair probability distribution fort̃51 and an
initial separation of five particle radii. The dashed line shows
result with hydrodynamic interactions present@P(r ,t) integrated
over angular variables, i.e.,*P(r ,t)r 2dV#, and the solid line shows
the result without hydrodynamic interactions present@PB(r ,t) inte-
grated over angular variables#. r̃ and t̃ are the scaled variables de-
scribed in the text.
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e~L01L1!t5eL0t1E
0

t

e~L01L1!~ t2s!L1eL0sds. ~44!

Substituting Eq.~44! into Eq. ~41!, and using Eq.~42!, we
obtain

P~r ,t !5PB~r ,t !1E
0

t

e~L01L1!~ t2s!L1PB~r ,s!ds. ~45!

Now we make the approximations

e~L01L1!~ t2s!'11~L01L1!~ t2s!, ~46!

PB~r ,s!'PB~r ,t !1L0PB~r ,t !~s2t !, ~47!

where we used (]/]t)PB5L0PB in Eq. ~47!. The validity of
these approximations will be determineda posteriori by
looking at the relative size of the resulting perturbation. A
ter substituting Eqs.~46! and ~47! into Eq. ~45!, and evalu-
ating the integral, we obtain the following expansion:

P~r ,t !'PB~r ,t !1tL1PB~r ,t !1 1
2 t2~@L0 ,L1#1L1

2!PB~r ,t !,
~48!
,

ic
-

where the next term isO(t3
†L0 ,@L0 ,L1#‡PB). In this work,

we use only the first correction term,tL1PB(r ,t). Figure 7
shows how the probability distribution is altered by the pre
ence of hydrodynamic interactions. One can see that, in
presence of hydrodynamic interactions, the most proba
pair separation distance increases more slowly with time,
the separation distance has less chance of exhibiting a l
deviation from the most probable value. This suggests
enhanced lingering is taking place. We see that, for the t
and distance scales involved in this work, the second term
this expansion is a small correction to the unperturbed s
tion, which suggests that approximations~46! and ~47! are
valid.

To obtain the explicit dependence ofP(r ,t) on the spheri-
cal coordinates, we expandur2r0u as

ur2r0u25r 21r 0
222rr 0sinu sinu0cos~f2f0!

22rr 0cosu cosu0 , ~49!

and writePB(r ,t) as
to
ge

ms an
PB~r ,r 0 ,u,u0 ,f,f0 ,t !5
1

~8pD0t !3/2 expF2
r 21r 0

222rr 0sinu sinu0cos~f2f0!22rr 0cosu cosu0

8D0t G . ~50!

The quantityp̃i2 p̃n for a given initial separationr0 is the integral ofP(r ,t)2PB(r ,t)'tL1PB(r ,t) over r within a cylinder
of dimensions as given in Secs. II and III: heighth520.4a and radiusR510a. Since the system is invariant with respect
rotations inf, this probability cannot depend onf0 , so we takef050. To obtain the total change in probability, we avera
p̃i2 p̃n over all initial separation vectorsr0 falling within the cylinder given above in which the particles do not overlap.

The last term inL1 @Eq. ~40!# makes no contribution to this integral. This can be seen by noting that this operator for
exact differential with respect tof when acting onPB . We may do the integral overf immediately, which gives a term
proportional to (]/]f)PB] 0

2p , which vanishes. Therefore, we only need the first two terms ofL1 , which we denote byL18 :

L18[
2D0

r 2

]

]r F „G~ r̃!21…r 2
]

]r G12D0

H~ r̃!21

r 2sinu

]

]u Fsinu
]

]uG . ~51!

SinceL18 does not depend onf, we may do the integral ofPB over f first, then applytL18 . Thus we have that

E
0

2p

tL1PB~r ,r 0 ,u,u0 ,f,t !df5tL18E
0

2p

PB~r ,r 0 ,u,u0 ,f,t !df

5tL18F 2p

~8pD0t !3/2 expS 2
r 21r 0

222rr 0cosu cosu0

8D0t D I 0S 2rr 0 sin u sin u0

8D0t D G
[F~r ,r 0 ,u,u0 ,t !, ~52!
y

where I 0(x) is a modified Bessel function of the first kind
and we have introduced the functionF.

The natural coordinate system for this calculation ofp̃i is
cylindrical coordinates, so we must transform the spher
variablesr ,u into cylindrical variablesr, z using

r 5Ar21z2, ~53!

r 05Ar0
21z0

2, ~54!
al

u5arctan
r

z
, ~55!

u05arctan
r0

z0
. ~56!

The final result for the difference in lingering probabilit
between the interacting and noninteracting cases is then
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p̃i2 p̃n5
2p

pR2h2 4
3 p~2a!3 EG~z!

R E
G~z0!

R E
2h/2

h/2 E
2h/2

h/2

FSAr21z2,Ar0
21z0

2,arctan
r

z
,arctan

r0

z0
,TD rr0dz dz0 dr dr0 ,

~57!
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whereF(r ,r 0 ,u,u0 ,t) is defined in Eq.~52!, R andT are the
lingering distance and time specified earlier,h is the depth of
field, a is the radius of the particle, andG(z)[A(2a)22z2

for uzu<2a and is zero otherwise. The facto
pR2h2 4/3p(2a)3 arises from the averaging with respect
r0 over the cylindrical volume discussed earlier exterior
two nonoverlapping spheres of radiusa. Replacing
F(r ,r 0 ,u,u0 ,t) in Eq. ~57! by *0

2pPB(r ,r 0 ,u,u0 ,f,t)df
yields an expression forp̃n .

The integral of Eq.~57! was evaluated numerically usin
the software packageMATHEMATICA @35#. We only required
an accuracy of two significant figures forD p̃[ p̃i2 p̃n and
three for p̃n in order to keep computation times from bein
prohibitive. This gave p̃n5(0.24260.001)60.14 and
D p̃5(0.02560.001)60.004, which yielded p̃i5(0.267
60.001)60.14, where the uncertainties are to be interpre
as described at the end of Sec. IV B. Using Eq.~16!, we
obtain the excess event statistic expected from the analy
work DEanal, which is shown in Table III. The values ob
tained for the excess lingering probabilityD p̃ from analyti-
cal methods are in excellent agreement with the simula
results. However, this good agreement is somewhat fo
itous, as other choices ofR, T, andh can lead to a discrep
ancy of'30% in the value ofD p̃.

One can see from Table III that for each of the anim
tions, DEanal and DEsimul are in good agreement with eac
other, and are both statistically consistent withDEobserved.
Likewise,DEobservedis not statistically significantly differen
from the correspondingDEbaseline. Our results are thus com
patible with the conclusion that all observed lingering is
tifactual in origin.

D. Can the lingering signal be detected?

The difference betweenDEbaselineand the values ofDE
calculated from the simulation and analytical work is'0.1.
The error inDEobservedis '0.4. Thus, to reduce the error i
the observed results enough to resolve the expected linge
signal, one would need about 16 times more observers,
on the order of a hundred observers. This type of large-s
study was beyond our resources, but we have shown tha
expected lingering effect is too weak to be perceived by
individual looking through a microscope for a few secon
as consistent with our observations.

V. CONCLUSIONS

The dominant interactions in this dilute colloidal syste
on the length and time scales discussed are hydrodynam
origin, and thus any attempt to quantify them must incorp
rate the temporal dimension. Detection methods that
based on purely static quantities such as the static struc
factor are of no use. We have described a ‘‘digital’’ micr
d

al

n
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ng
e.,
le
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e
,

in
-
re
re

scope that unites the fields of light microscopy with that
computing, which allows one to probe quantities that depe
on dynamical information. In a double blind experiment, w
determined that casual observation of a dilute colloidal s
tem under a microscope is not sufficient to detect hydro
namic pairwise interparticle lingering effects. Any lingerin
that appears to be present is solely due to random the
motion and projection effects. The expected degree of ling
ing calculated using computer simulations and analyti
techniques is consistent with the results obtained using
man observers@36#.

This observational technique is not sensitive enough
detect hydrodynamic interaction on the length and ti
scales in this work~5 mm and 10 s, respectively!, and thus
the traditional purely numerical approach to quantifying t
interaction is more appropriate. However, the observatio
technique could be used as an exploratory tool in helping
determine if an observed interaction warrants further num
cal study, or if it is simply an artifact. In addition, the brain
superior spatial-temporal pattern recognition capabilit
could be exploited by setting observers free on data, ask
them only to look for examples of ‘‘unusual’’ lingering
events. If these ‘‘rare’’ events were then proven to be no
artifactual by use of the described backgrounding techniq
then this would provide an impetus for further study. A
example of such a ‘‘rare’’ event was observed by one of
~C.F.!, in which one particle appeared to undergo Browni
motion confined to a small region surrounding another p
ticle that was adhered to one of the glass surfaces. This ‘
biting’’ particle was subsequently disassociated from
fixed particle by a ‘‘collision’’ with a third particle. The
exact physical mechanism by which this occurred is u
known, and, if nonartifactual, serves as an example of
new types of interaction phenomena that might be disc
ered using the observation technique.

This digital microscope could also be used in other ar
of interest to colloidal scientists. Researchers could deve
new statistics to quantify correlated colloidal motion by as
ing the human observers to find instances of multiparti
lingering. Their comments could be very helpful in determ
ing what types of parameters would be most efficient in
scribing multiparticle lingering. Furthermore, it may be po
sible to probe interactions that occur on different time a
distance scales by adjusting the animation parameters,
as animation frame rate and field of view, to reflect the
scales.
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by other workers, but the exposed glass surface area is c
parable, one wonders if this ion leaching would have less o
effect on our sample, and thus invalidate the claim that th
other workers’ results have any bearing on our system. H
ever, it appears that there are also other factors at wor
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similar Debye lengths in cells with an order of magnitude d
ferent surface to volume ratio@6,7#. Thus it appears that the
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